We consider black-brane spacetimes that have a spatial translation Killing field which is tangent to the brane, and explore the implications of this symmetry for small perturbations around the spacetime. Our construction is based on the fact that the Hamiltonian density for an Einstein-gauge field system is pure constraint. We define δµ, the perturbation to a tension of the black brane spacetime, which is associated with spatial translations in much the same way that the mass perturbation δM is associated with the time translation Killing field. For static charged black brane spacetimes, we show that δµ is equal to κδA/16π plus terms that involve variations in the charges and currents. Therefore, as a black brane evaporates it becomes unstressed. We give a simple derivation of the First Law for black brane spacetimes, valid for Einstein gravity coupled to matter fields governed by a Lagrangian. Our construction holds for arbitrary, i.e. not necessarily stationary, perturbations, and includes perturbative fluid sources.
Introduction and Summary of Results
We study aspects of the mechanics of black p-branes spacetimes with p ≥ 1. If a spacetime has a symmetry, then often one can prove useful relations that hold for perturbations around the spacetime. The most famous example of this is the First Law of black hole mechanics, which holds if the background spacetime has a stationary Killing field ξ a . In this case, the change δM in the mass of the black hole is given in terms of the Killing field ξ a and the behavior of the metric in the far field limit. A black p-brane spacetime may additionally have a spatial translation Killing field X a tangent to the brane. It is natural to ask whether there exists a new black brane tension parameter µ associated with the Killing field X a and a new law of black brane mechanics that relates variations δµ in this tension to variations in the charge and geometrical properties of the horizon.
We will prove two results along these lines. The Hamiltonian structure of Einstein gravity is central to the derivations, and the results will apply when the stress energy for the background spacetime comes from a Hamiltonian. We will concentrate on Einstein gravity coupled to an abelian gauge field. Additional matter fields that do not come from a Lagrangian, such as fluids, are also included as perturbations. First we present a simple proof of the First Law for black p-branes that holds for arbitrary perturbations on an asymptotically flat slice V intersecting the horizon at any cross section, i.e. not necessarily the bifurcation sphere. To be definite, for Einstein gravity coupled to a 3-form gauge potential A abc with field strength F = dA we find that the First Law is given by
Here δQ tcd = 4! ∂V N da b δF bcdt is the variation of the electric charge, κ is the surface gravity, A is the horizon area, δT (s)a b , δj abc are contributions from perturbative sources to the stress energy and the charged current respectively. ξ a = ∂ ∂t and the unit normal to V is −N dt. Equation (1) assumes that the components A tab of the gauge potential are constant at infinity. In some cases of interest this is not the case, for example, if the spacetime is a compact Kahler manifold cross an asymptotically flat piece, then the gauge field depends on the coordinates of the compact space, and the charge variation term is replaced by 4! ∂V N da b A tcd δF bcdt . From the point of view of the dimensionally reduced spacetime where dependence on the internal space has been integrated over, this becomes the usual A t δQ term.
Next, when a metric has a spatial translation Killing field X a , we will define "the variation in the tension" δµ of a spacetime volume Σ. δµ depends on X a , the background metric, and the metric perturbation on the boundary ∂Σ. The definition is constructed from X a in much the same way that δM is constructed from ξ a , except that the domains of integration are different. When the spacetime contains a black brane, the resulting constraint on δµ again has contributions from the boundary on the horizon.
It is reasonable to ask what the spacetime tension µ is, before analyzing "the perturbation to the tension". After all, one talks about the mass M of a spacetime, and then the First Law is a theorem about δM . Taking the analogy one step further, the definition of mass in gravity is a complicated subject, on which much work has been done. In the discussion section we will sketch ways to define µ, and indicate why this is a project in itself. In this paper we identify a quantity which is sensibly called δµ, and prove some relations about it.
When the spacetime has a time translation and a spatial translation Killing field, and if the perturbations are also static, this constraint becomes particuarly simple. For example, let the background spacetime be a static charged, black two-brane with spatial translation Killing vector X a = ∂ ∂x
. Then we show that in n spacetime dimensions, on an asymptotically flat slice V which intersects the horizon at an arbitrary cross section of area A,
where
a and other sources = n−3 n−2 ξ a δT
n−3 n−2 A bct δj bct . We are using the term "tension" rather than "pressure" because test branes whose dynamics are governed by the area action have positive tension. If the two-brane has a second translational Killing field Y a , then there is an analogous statement for variations in the tension associated with the y-direction. As for (1) , (2) assumes that the components A xab are constant on ∂V . Depending on the topology of the spacetime, this might not be true on the boundary at infinity, and the more general expression is given in Section 4 . This will be true at the horizon for a static, electrically charged brane, but we do not currently understand the situation for the general case.
The interpetation of δµ as a perturbation to the tension is justified by looking at weakly gravitating sources. If there are smooth perturbative sources in a background Minkowski spacetime, then δµ is just the integral of −δp x . Note that the tension is associated with a Killing field tangent to the brane, and is not a radial pressure as in a star. Next, consider the case with a background magnetic field, but no horizon. Then we see that δµ receives "Ampere's Law" type contributions. Let the gauge field approach A x (ρ)dρ as ρ → ∞. Then the integral over the boundary of V of the perturbed magnetic field, mulitplied by A x , is equal to the integral over V of the charged current, plus gravitational terms:
The Maxwell contribution to δµ makes physical sense; recall that the term A t δQ in the First Law is the amount of work done when moving a charged test particle in a background electric field with potential A t . For a charged particle moving in a background magnetic field over a time ∆t, integrating the Lorentz force law gives that the change in the xcomponent of the momentum of the particle is (A x (ρ 2 ) − A x (ρ 1 )) ∆Q ∆t ∆t. So, the gauge term in (3) is a contribution to the change in the x-component of momentum per unit time, which is just what V δp x is. Analogous relations hold for p-form gauge potentials.
Technical issues arise when trying to replace the smooth sources with black branes, which we will return to.
Lastly, we outline the idea used to derive these results. We have made use of the Hamiltonian techniques in [1] [2] [3] , and the covariant techniques in [4] [5] [6] . Consider the Einstein Lagrangian R coupled to matter fields which are described by a Lagrangian, for example −F 2 . Pick a foliation of the spacetime by spacelike slices, defined by a timelike normal vector field. One can then construct the Hamiltonian which generates flow along "the time direction" ξ a . The Hamiltonian H tot for the coupled Einstein-Maxwell system is pure constraint, namely the sum of the Einstein constraints and Gauss's law, multiplied by lagrange multipliers. On solutions H tot = 0. Perturbative solutions linearized about a background satisfy δH tot = 0, where the variation is with respect to all the dynamical fields "p" and "q". This last equation can be rewritten in terms of the adjoint operator δH † tot and a total derivative. That is, one can integrate the equation over a volume V contained in the spatial slice used to define the Hamiltonian split, and integrate by parts. This yields a volume integral of the adjoint, plus an integral over the boundary ∂V . But the adjoint operator is the Hamiltonian flow, and so Hamilton's equations imply that on solutions the volume integral is simply the lie derivative along the time direction ξ a of the p ′ s and q ′ s. If ξ a is a Killing vector for the background then the lie derivatives vanish, and one is left with a constraint statement on the perturbations. For black branes, this construction gives the First Law [7] . To include perturbative sources δS, one simply starts with the linearized equation δH tot = δS. Now, consider slicing the spacetime with slices that have a spacelike normal vector field. This defines a Hamiltonian "flow" along a spatial direction X a . The construction of H tot , δH tot and δH † tot is much the same as for the time decompositon. One just has to be careful about various minus signs. Again the conclusion is that if X a is a Killing field, then perturbations about the background spacetime obey an integral constraint. The integration volume is now a Lorentzian slice, so its boundary includes initial and final spacelike surfaces, plus the boundaries at infinity and along the horizon if present. In general there are fluxes through the initial and final slices. However, if the spacetime and the perturbations are static, the general statement can be reduced to the constraint (2) on an asymptotically flat spatial slice .
The difference between the constraints derived by slicing the spacetime with a timelike normal field, or with a spacelike normal, is similiar to the difference between perturbative statements of Gauss' Law and Ampere's Law. Gauss's Law is a true constraint, while one of Maxwell's equations reduces to Ampere's law if and only if the electric field is time independent. So Ampere's law holds only for stationary situations, but it is still a useful relation. Indeed, the derivation of these two statements from Maxwell's equations in covariant form is just the choice of splitting spacetime into space plus time, or into space plus a smaller spacetime, as in the gravitating construction above. This is of course why the First Law depends only on the variation of the conserved charges δQ tab , while the constraint on tension variations δµ in (2) involves variations in the δQ xab , which may include other components of the charged current.
Obviously there is a constraint law for each spatial translation Killing vector. If these are the symmetries of the brane, then the constraint depends on the components of the gauge potential which are tangent to the brane, in the electric cases. It is reasonable to ask if there is a constraint corresponding to a rotational Killing vector ∂ ∂φ . If this vector field has a fixed point, special care would be needed to treat the Hamiltonian flow there. We have not yet studied this issue. This could be applied to branes wrapped on spheres or hyperbolic space. Another case of interest is a background Melvin Universe which is cylindrically symmetric and has gauge potential A φ , or perhaps in higher dimensional cases with background magnetic potential A φbc .
We close with some remarks about the relation of this work to some other work which has used Hamiltonian techniques. References [8] and [9] studied the linerization instability of Einstein-Maxwell and Einstein-Yang-Mills on spacetimes with compact spatial sections. They prove that instability occurs when the spacetime has a Killing field. If this is a time translation Killing field, then the linearization instability of a compact spatial slice translates into the First Law for a noncompact space; the δM, δA and δQ terms are boundary terms in the construction [1] [2] . Reference [3] uses a Hamiltonian h for EinsteinYang Mills theory which includes an appropriate boundary term at infinity. Evaluated on solutions only the boundary term contributes, and this is interpeted as the energy of the spacetime. The perturbations of h are computed and this yields the First Law.
In this paper, as in [1] [2] , we start with the field equations, rather than by defining the energy or tension of a spacetime. The relations (1) and (2) are identities on solutions to the linearized equations; the challenge is to understand the geometrical meaning of the boundary terms. Further, these constraint statements are true for any spacetime with the appropriate symmetry. So, one can consider spacetimes which are not asymptotically flat. For example, a charged black hole in deSitter has a static Killing field. Choosing V to be a spacelike slice bounded by the black hole and deSitter horizons, gives κ ds δA ds = κ bh δA bh . The boundary term which gives δM on an asymptotically flat boundary is recognized to be the change in the area of the DeSitter horizon. One could also write down a "First Law" for charged black holes in a background electric field, such as the Ernst spacetime. Neither of these examples is asymptotically flat, so one does not have the standard definition of mass of the spacetime. This paper is organized as follows. In section 2 we derive the general constraint relation on perturbations for a foliation of the spacetime by either for spacelike or timelike surfaces. This relation is applied to prove the First Law in section 3, and the constraint on δµ in section 4. This later expression is shown to simplify in the case when the background and the perturbations are static. Some geometrical properties of the horizon, related to the existence of a spatial translation Killing field, are derived. Section 5 contains concluding remarks. The Appendix contains some details of the Hamiltonian decomposition of the three-form gauge field Lagrangian.
The d + 1 Split
Before beginning in earnest we set up the framework and notation. Let M denote a d + 1-dimensional manifold with metric g ab of signature (− + + · · · +). Let ∇ a be the derivative operator compatable with g ab , ∇ a g bc = 0. Let Σ w be a family of d dimensional submanifolds with constant coordinate w, possibly just in some subset of M. Let n = n · nN dw be the unit normal to Σ w , where n · n ≡ n a n a = ±1 if n a is spacelike or timelike respectively. We need to rewrite the Einstein equation in terms of d dimensional quantities. Here we keep track of various minus signs that distinguish between a spacelike and a timelike foliation. The details are omitted; the steps for the usual 3+1 decomposition can be found in standard texts [10] [11]. The metric g ab induces a metric s ab on Σ w
and let D a s cd = 0. The lapse N and shift N a are defined by the decomposition
We will take the Einstein Lagrangian to be L G = +R. The momentum conjugate to
is the extrinsic curvature of Σ w . The projection of a tensor onto the submanifold Σ w will be denoted byÃ
When no ambiguity arises we will drop the "tilde", for example, from their definitions, the lapse, extrinsic curvature, and momenta fields are tangent to Σ.
By considering a spacetime decomposition as introduced above one finds that the components G ab n b of the Einstein tensor only involve first derivatives in the w coordinate. When W a is timelike then the components G ab n b = 8πT ab n b are known as the Einstein constraint equations. Here we will refer to these equations as constraints whether W a is timelike or spacelike. Explicitly,
The Hamiltonian for Einstein gravity is pure constraint. That is, the Hamiltonian density
yeilds the vacuum Einstein equations. In the Hamiltonian variation, "q" is s ab and "p" is π ab . N, N b are Lagrange multipliers. In this paper, we consider General Relativity coupled to matter fields whose stress energy is derived from a Lagrangian L M . We will assume that the matter L M can be transformed to Hamiltonian form. When working out particular expressions, we will take the total Lagrangian to be L = R − F 2 with F = dA. The matter Hamiltonian H M may contain additional constraint equations C = 0, for example, Gauss' Law. The total Hamiltonian for the coupled system is
where α is a Lagrange multiplier for the matter constraints. Equations (6) and C = 0imply that on solutions to the field equations,
Integral Constraint Laws on Perturbations of Spacetimes with Symmetry
The derivation of constraints on perturbations [1] [2] which we use is based upon the fact that the gravitational Hamiltonian density is a sum of constraints, (10) . This previous work includes an analysis of the Einstein equation with a fluid stress energy, applied to cosmological spacetimes. By "fluid sources" we mean the stress-energy tensor is not derived from a Lagrangian; typically the fluid is described by a density, pressure, and velocity, rather than some more fundamental set of fields. In this paper we apply the same "constraint vector" construction for Einstein gravity coupled to matter fields which are described by a Lagrangian. The derivation is similiar to calculations of linearization instability [8] [9] [12] . This work was done for compact manifolds, so the output is rather different.
Gauss' Law ∇ a F abct = j bct is a nice, linear constraint, which can be rewritten in integral form. The following construction extracts a similiar Gauss' Law type statement from the linearized Einstein constraints (6) 
Rewrite (12) in terms of the adjoint operator and a total derivative,
where B a is a function of the δq, δp , the Lagrange multipliers, and of course the background spacetime.
Therefore any perturbation about the background spacetime must satisfy the Gauss's Law type constraint D a B a = 0 (14) when there are solutions to the differential equation
So the requirement for (14) to hold on perturbations about the background is that the lie derivative along V a of all the q ′ s and p ′ s is zero, that is, V a must be a Killing vector. The boundary term vector is the sum of a gravitational piece and a contribution from the matter fields,
Here h = h ab s ab and all indices are raised and lowered using s ab . See Appendix A for some details of the Hamiltonian decomposition of F 2 . It is simple to include perturbative fluid sources δT f l ab , i.e, stress energy which does not come from a Lagrangian. Equation (12) is replaced by (F, 
One finds that the vector V a must satisfy a set of equations different from Killings equation, for a constraint of the form (19) to hold on perturbations [1] . V a was referred to as an integral constraint vector in that work, and the Freidman-Robertson-Walker spacetimes turn out to have constraint vectors. Tod [13] has shown that there exists a maximal set of solutions for V a when Σ can be locally embedded in a space of constant curvature, and that in 3 + 1 dimensions this is related to the existence of three-surface twistors.
First Law
Let M be a black brane spacetime which contains a bifurcation surface, and let V be an asymptotically flat spacelike slice with timelike normal n a . Assume that the directions tangent to the brane are compact. For the non-compact case one must specify additional boundary conditions at infinity along the brane. A simple example is the two-parameter family of M 2-brane spacetimes [14] 
where f (r) = 1 + q/r 6 , H(r) = 1 − q o /r 6 . The parameters are related by q = qsinh 2 δ,q = q o sinhδcoshδ. i, j = 1, ..., 7 are the transverse coordinates. The extremal, supersymmetric case occurs when q o = 0.
First consider a slice V 0 which intersects the horizon H on the bifurcation surface. For example, the bifurcation surface of the M 2-brane (20) has topology S 7 cross T 2 . Assume that the spacetime has a stationary Killing field ξ a = F n a + β a and take ξ a = V a in the constraint relation (19) . Using the asymptotically flat boundary conditions, the boundary terms at infinity simplify, and have standard interpetations as the change in the mass and the momentum, see e.g., [15] . The contibution from the gravitational boundary term (16) at infinity is
The terms −hD c F + h c b D b F do not contribute to the boundary around an asymptotically flat black hole, but in general they may contribute in a black brane spacetime. For example, if the spacetime has topology of a compact manifold K cross R n , then F may depend on the coordinates z i on K. From the lower n-dimensional point of view, δM would receive contributions from the n-dimensional black hole and from scalar fields. If K is flat, then the z i are symmetry directions, and the fields are of course independent of them. Suppose that the background spacetime has no magnetic charge, ∂V ∞F abcd = 0. Then the integrand da d FF dabc δÃ abc vanishes at infinity. So the contibution to the boundary term at infinity from the gauge field is
Here Q tab are the electric charges, δQ
The last equality just reminds the reader of the relation between the electic field and charged sources, if the electric field was generated by smooth sources. J M is the gauge contribution to the angular momentum. If the gauge potential is constant on the boundary at infinity, then < A tab δQ tab >= A tab δQ tab ; otherwise the charge term in the First Law is an average over the internal space.
On the bifurcation surface of the horizon ξ a vanishes, and the gavitational boundary term is
where κ is the surface gravity and A is the area of ∂V 0 When H is a Killing horizon (as we are assuming) then it can be shown that for the one-form gauge potential, A a ξ a = constant on all of H, see e.g., [6] [4] . We have not been able to generalize this result for the two-form or three-form potentials. However, when the horizon has a bifurcation surface then since ξ a = 0, also A abc ξ a = 0 there, as was used in [16] for black strings. Then all gauge terms vanish on the horizon, and (19) gives the First Law,
and the static Killing field has been decompose as ξ a = F n a + β a . (24) assumes that there is no magnetic charge and that the spatial slice V o intersects H at the bifurcation surface. The perturbations are arbitrary, i.e., not necessarily stationary.
In the magnetic case, there is a boundary contribution fromF abcd δÃ bcd . This is because the gauge potential is defined in patches, so when using Stokes theorem to change the volume term to a boundary term, there are contributions from the boundaries of different patches. In the spherically symmetric case, ds 2 = m ab dx a dx b + r 2 dΩ is the volume of the remaining internal space. The integral over the S 3 is δQ B , but it would seem that one needs to know the actual metric funtions to evaluate the remaining integral dr, even in this simple case. It would be interesting to know if the magnetic contribution could be evaluated in general.
Extension to General Slices
The First Law (24) was proved for arbitrary perturbations, but restricted to the case when the spatial slice intersects H on the bifurcation surface. It is clearly more difficult to evaluate the boundary term on a general cross section of the horizon, since ξ a does not vanish, and the momentum of the spatial slice π ab is also nonzero. However, we can use the divergence free property of the ICV boundary term as follows. Let the family of spacelike slices {V w } be asymptoticallly flat, and let V 0 be a slice which intersects H at the bifurcation surface. When there are no fluid sources, (19) becomes ∂V w da c B c = 0. The boundary term vector B a depends on the geometry of the spatial slice V w in the background, which we will indicate by "ǫ" (see (11) ). First consider the vacuum case. We have shown that for any w the contibution to (19) from the boundary at infinity is −16πδM + ΩδJ. On V 0 , the boundary term at H gives 2κδA 0 . Since all the V w share the same boundary at infinity, (19) implies that the horizon boundary terms have the same value for all w,
Sorkin and [4] have shown that even with time dependent perturbations, the variation in the expansion θ on the horizon is zero through linear order. This implies that δA 0 = δA w , ie, that δA is the same on each slice. Therefore (25) implies that I(V T ; λ) = κδA T , since κ is constant over the horizon.
For Einstein-Maxwell, there is an additional contribution to the common boundary term at infinity of −4A t δQ. What about the gauge term contribution at the horizon? For a one-form potential, [6] , [4] have proven that A a ξ a vanishes on a killing horizon. We have not been able to prove a similiar result, for example, that A abc ξ a = 0 on a killing horizon.However, in appendix B we show that A abc ξ a = 0 on a bifurcate killing horizon . This means that the total boundary term on the horizon V 0 is still 2κδA. As in the vacuum case, the inner boundary contribution is fixed at 2κδA.
Constraint on Tension Variations
Let the background spacetime have a spatial translation Killing field X a . We want to work out the implications of the general constraint relation (19) when the Killing field in the construction is taken to be X a = ∂ ∂x and the d-dimensional slices are surfaces of constant x, Σ x . The unit normal n = N dx is spacelike, and s ab is Lorentzian,
To choose useful boundary conditions, note that test p-branes are extended in p directions tangent to the brane, which can be infinite or compact. If the brane is infinite, one must impose boundary conditions on the perturbations in the tangent directions. To avoid specifying boundary conditions we will take the tangent directions to be compact. Therefore, we take the spacetime to have topology of R n xK, where K is a compact manifold. If the spacetime describes a p-brane wrapped around p compact dimensions, then dimK ≥ p. Of course, to apply the ICV construction one of the directions must be a symmetry direction. For example, for an M 2-brane, K could be a 2-torus, or it could be a 2-torus cross a four (real) dimensional Kahler manifold. Or K could be a six dimensional Kahler manifold and the translational symmetry could be along a black string in R 5 . We assume that the spacetime is asymptotically flat in the noncompact dimensions, as in our study of the First Law. The rate of fall off of metric perturbations is h ab → O(r −n+2 ) as r → ∞, which implies that δM is finite.
We define the variation in the tension of the spacetime δµ to be the gravitational boundary term (16) evaluated at infinity:
Perturbations off Minkowski Spacetime
We start by considering (19) when the background is flat (d − p)-dimensional spacetime, cross a p-dimensonal torus. This will give a physical interpetation of the gravitational boundary term in the weakly gravitating limit. Suppose there are static, neutral perturbative fluid sources δT (19) is not over the direction normal to Σ x , however the result is in a nicer form if, in addition, we do integrate both sides over dx.
Since the volume integral is over the x-component of the tension of the source −δp x , it is reasonable to interpet the boundary term at infinity as the perturbation to the spacetime tension. More precisely, δµδt is the change in the x-component of momentum, and having factored out the time interval to arrive at (28) , that means that δµ is the x-momentum flux. We use the term tension rather than pressure, since test branes have positive tension. Also, note that the tension is in a direction tangent to the source, and is not a radial pressure as in a star.
Ampere and δµ
Next consider the Einstein-gauge field system, but assume that there are no horizons. One contribution to δM is the variation of the electric charge. This occurs because δM results from the time translation symmetry of the background, and δQ is related to the time component of the gauge field strength. When the ICV construction is done with a spatial symmetry of the background, then instead one picks up a contribution from that spatial component of the field strength. Explicitly, suppose the spacetime has background gauge fields, but no background charged sources and no horizons. Therefore the background charge is zero. Then a perturbative current δJ abc generates a perturbation to the background gauge field, and this causes a variation in the gravitational fields. (19) becomes
An example is a test 2-brane moving in a background magnetic field. This was studied in a flat spacetime background in [17] , where it was shown that ∆t V A bcx δJ bcx is the change in momentum of the 2-brane as it sweeps out the spacetime volume ∆txV . So the volume contributions to δµ in (29) make sense, and the boundary contribution from the change in the magnetic field can be understood from Ampere's Law.
Perturbations off Black Branes
Now we are ready to study perturbations of the spacetime tension in a black brane spacetime. Assume that the spacetime has a static Killing field ξ a as well as X a , so that the horizon is a Killing horizon. For simplicity we will specialize to the case where the slicing can be chosen such that X a = N n a , g xx = X a X a = N 2 . This means, for example, that the x-component of linear momentum of the spacetime is zero.
First consider the contribution to (19) from the boundary on the horizon. In a neighborhood of the horizon it is useful to write the metric in terms of null coordinates. Let k a = ∂ ∂λ and q a = ∂ ∂U be null and geodesic, where k a a geodesic generator of the horizon and λ is an affine parameter. On H, ξ a = κλk a . Using these basis vectors the metric is
where γ b a ξ a = 0, γ b a q a = 0 and q a q a = 0. We normalize q a by ξ a q a = −1 on the horizon. The gravitational boundary term (16) depends on derivatives of N . On the horizon, expand the norm X · Xin the above basis. Since ξ a , X a are Killing vectors and ξ a is null, the expansion is of the form
We will see that one only needs the form of the expansion (31) to evaluate the boundary term on the horizon, and not the values of ν and C a . The area element on H is
√ γdλdy, where dy indicates integration over all the spatial coordinates except
x. Substituting (31) into (16) ,the integrand on the horizon is
To simplify this, we make the gauge choice δξ a = 0, and note that δn a = 0, since the hypersurface is fixed. When the spacetime is static, as we are assuming, one can also set δq a = 0. 3 The inner product conditions which define (30) hold in the background and the perturbed spacetime. Using these conditions, one finds that on H, ξ a h ab = 0. So the integrand on the horizon reduces to
where we have used the fact that ξ is a killing vector. The spacetime volume Σ x in (19) is a slice of constant x. ∂Σ x is the sum of initial and final timelike slices, a null boundary over part of the horizon, and a timelike boundary at infinity. Assume that at infinity the spacetime approaches the direct product of asymptotically flat Minkowski spacetime M n+1 and a compact space K, and that the metric on K is independent of the coordinates on the M n+1 . So the integration at infinity reduces to an integral over the spatial boundary times a time interval ∆t, where t is the asymptotic killing time parameter. In general, the initial and final slices will contribute to relation (19) , which therefore is a time-dependent flux balance statement. There does not appear to be much one can say about this general case. However, if the background spacetime and the perturbations are static, then we can extract an interesting statement, which we now turn to.
Static Perturbations: Reduction to a Spacelike Slice
We choose Σ as follows. Pick an asymptotically flat spacelike slice, which can intersect the horizon at an arbitrary cross section. Let the initial spacelike boundary ∂Σ i be a volume contained in this slice, with inner boundary R in and outer boundary R out . We will eventually let R in go to the horizon and R out to spatial infinity. The static Killing field
is timelike in this volume. Define the spacetime volume Σ by lie dragging ∂Σ i an amount ∆t along the flow of ξ a to ∂Σ f . Then for static perturbations, the integral of the boundary term over the final time slice is equal in magnitude to the integral over the initial time slice, and so these terms cancel in the integration over ∂Σ.
The outer boundary of Σ includes an integration over an interval ∆t. Take the inner boundary to the horizon, which includes integrating over an interval of affine parameter ∆λ. On H, ξ a = ∂ ∂s = κλ ∂ ∂λ . Flowing along ξ a in a neighborhood of the horizon, one has dλ = ∂λ ∂s ds = κλds. Therefore, upon lie dragging the initial spatial surface by ∆t = ∆s,
Now we can evaluate the boundary term on the horizon. For static perturbations, ξ a D a h = 0. Using the gauge condition h ab ξ a = 0, and the fact that
Here we have used γ ca h b a ξ b = 0 on H and is tangent to H. The second term vanishes for static perturbations, and the first term is proportional to the change in the surface gravity: From the definition of κ, and the gauge condition δq
Combining (33) ,(34) ,and (36) we can evaluate the boundary term on the horizon, in the case that the perturbations are static. Perform an additional integration over dx, which just gives the answer in terms of the area A of a λ = constant cross sect of H. We find
Note that the time interval ∆t will cancel an identical contribution from the boundary term at infinity, so one is left with a statement on a spacelike slice. This is what one expects for the static case; the spacetime integral reduces to a statement "per unit time" which is independent of which time.
There is also a contribution from the gauge field boundary term A bcx δp bcd da d . If the brane carries electric charge and is static, then only the tangent components of the gauge potential are nonzero. Pecisely, suppose that
. Then since da d ∼ ξ d the gauge boundary term vanishes on H.
Substituting X a = N n a into (27) gives
Then with (37) ,(19) becomes
A common factor of ∆t has been cancelled from both sides. (39)assumes that the Killing field X a satisfies X a = N n a and X a = γ a b X b , that the spacetime is static, and that the brane is electric.
(39) gives δµ in terms of the standard thermodynamic variables of the brane. We can replace Aδκ by a κδA term by using a Smarr-Komar type relation, as follows. For a solution to the Einstein equation in n dimensions with static Killing vector ξ a , −
ρ, in the non-relativistic limit. This implies the normalization for the Komar mass, 8π
Applying this Stokes relation when there is a boundary at a horizon, and with gauge fields, one finds
Varying (40) and using the First Law gives Aδκ = − κδA n−2
The source terms are defined in (24) ,(39) . Note that in trading Aδκ for κδA, the variation in the gauge potential as well as the variation in the charge have been introduced. Comparing the First Law (24) and (41) we find that in general δM and δµ are independent physical quantities. For pure gravity δM and δµ are proportional,
So under classical processes the tension increases; under Hawking evaporation, the black brane unstresses.
Horizon Geometry
The purely geometrical properties of the horizon which are in the First Law are the surface gravity and area. Let us recall how the surface gravity enters (24) . On the horizon, ξ · ξ = 0. The derivative of the norm defines the surface gravity, ∇ a (ξ · ξ) = −2κξ a . The gradient of the norm does not have terms of the form γ a b W b since the vorticity of ξ a , ∇ [b ξ c] , vanishes when projected onto the horizon. These properties imply that that κ is a constant on H [5] . κ then appears in the horizon boundary term, because the boundary integrand involves the derivative of the norm of the constraint vector.
One can ask if the existence of the spacelike Killing field X a implies any geometrical properties of the horizon? We continue to assume that X a = γ With the assumption thatŵ ab = 0, then
Then the norm X · X is constant on H:
, since the projected vorticity of ξ a vanishes on H. Therefore D b (X · X) = −2X aŵ ab = 0. In general the norm is a non-zero constant; for extremal branes wrapped around the x-direction, X · X = ξ · ξ which is zero on H.
The coefficient ν in (43) which describes the rate of change of the norm is given by
The surface gravity can also be computed by the formulae
, where the liimit is taken as the ratio approaches the horizon. These expressions do not contain the basis vector q a . Using a derivation similiar to the arguements in [6] [11] , we show next that when w ab = 0,
Since X a is a Killing field,
Now, the Hamiltonian construction assumes that X a is hypersurface orthogonal, in which case Froebenius' Theorm states that X [a w bc] = 0. (45) becomes
Evaluating this on the horizon with (43) implies that w ab w ab = 0 . 4 Now, the Froebenius condition implies that the left hand side of (45) is zero, and so is its gradient. The second term on the right hand side approaches −2ν 2 ξ ·ξ on the horizon, but its gradient is nonzero. Therefore dividing (45) by ξ · ξ and taking the limit as the horizon is approached gives 0 = limX · Xw ab w ab (ξ · ξ) −1 − 2ν 2 , which is the desired result. The second form in (44) follows from using (46) .
Lastly we show that whenŵ ab = 0 , 2νκ = R ab X a X b on H. As just noted, on H w ab w ab = 0. Since X a is a Killing field,
where we have used the fact that X · X is constant on H. So ν = 0 in a vacuum spacetime, as long as the surface gravity is non-zero.
Other Killing Fields and Concluding Remarks
Although the mass M and δM are defined for any asymptotically flat spacetime, even when T ab = 0, expressions such as (24) tell us that one contribution to δM is an integral over δT tt . Indeed, this is the Newtonian limit, and is a reminder of how δM gets its name. The idea of the construction in this paper, is to relate the integral of other components of the stress energy δT xx to boundary integrals, possibly with a horizon present. This is why we foliate the spacetime by x = constant surfaces in the Hamiltonian construction, and require that X a = ∂ ∂x be a Killing field. Let us comment on how one would define the tension of a spacetime µ, whose variation is the quantity δµ. The mass of an asymptotically flat spacetime can be defined by the boundary term contribution to the gravitational Hamiltonian associated with asymptotic time translation invariance [15] . This boundary term must be added to the gravitational Hamiltonian to have a well posed variational problem, and on solutions to the field equations, its value is the mass. The boundary term for M has the same functional form as the expression (21) for δM , but h ab is the difference between the actual metric and the flat metric. A similiar construction could be done to define the spacetime tension µ; one requires that the variational problem is well posed and looks at the boundary term which must be added when considering asymptotic spatial translations. However, as with M , there are other ways to define µ. One can define the Komar mass, or one can use the Noether construction of Sorkin and Varadarajan [4] . None of these expressions are explicitly the same, so work has to be done to prove when they are equivalent. So we feel that to define µ, one would want to study these various possibilities, and analyze the relation between them. On the other hand, in this paper we have introduced a specific definition of δµ with simple properties.
Throughout the paper we have been referring to X a as a spatial translation, but one might ask if other spacelike Killing fields would work just as well. For example, one could consider a brane wrapping an internal sphere or hyperbolic space. Then the torus in our discussion would have to be replaced with an S n or H n . If the Killing vector has a fixed 4 Note that w ab w ab =ŵ abŵ ab − 4γ be (ω bc q c )(ω ef ξ f ) − 2(ω bc q b ξ c ) 2 On H, γ be (ω ef ξ f ) = 0.
Therefore ifw ab = 0 on H, then ω bc q b ξ c = 0 and the only possible nonzero components of the vorticity are γ ab q c ω bc .
point, then the Hamiltonian evolution is not well defined there, and one would have to study that step in the derivation. The other steps in the derivation of (39) for δµ would not be changed. Ifw ab is nonzero, the norm N 2 would not be constant on H. But this factor just contributes to give the total volume element for the area of the horizon in (37) . Therefore it seems that a perturbative constraint of the form (39) could be derived.
A particle-like base ball is described by a mass, while a string-like rubber band is described by a mass density and a tension. Extended objects like balls and rubber bands also have transverse pressures. If the ball collapses to form a black hole, the spacetime is described by the total mass. We started this work with the question of whether the spacetime for a black p-brane with p ≥ 1 is described by tension(s), as well as the mass per unit area. Our approach here was to define the tension perturbation δµ, and relate that to other physical properties of the spacetime. We see from comparing the First Law (24) to (41) or (39) that in general δM and δµ are independent physical quantities. For example, perturbative sources contribute differently to the mass and the tension. However, in vacuum they are proportional to each other.
There is a constraint δµ (i) for each symmetry ∂ ∂w i The expressions have different forms for directions in which a charged brane is wrapped, and directions which are "not wrapped". If ∂ ∂x is tangent to the gauge potential, then δQ abx enters the constraint δµ (x) , whereas if ∂ ∂w is a symmetry direction but is not tangent to the gauge potential, there is no contribution from the gauge field to δµ (w) In order to derive constraints which have the same form as the First Law, we assumed that the spacetime has a spacelike and a timelike Killing vector. The construction could alternatively be done for a cosmological spacetime which has spatial isometries, but is not static. This might provide just such a contrast as is generally useful for our own instruction, and our neighbors' entertainment.
Hamilton's equations arėÃ abc = δ |s|H M δp abc = −(n · n)N Next let A be a two-form, and define the one-form u a = A ab ξ b . Then L ξ u = 0, and L ξ u·u = 0. So the norm u·u is a constant independent of s on each integral curve of ξ. Since u · u = 0 on the bifurcation surface, it follows that everywhere on H,u · u = 0. But now the inner product is positive definite, since the metric can be written as g ab =γ ab − ξ a q b − ξ b q a (similiar to (30) ). Therefor u a = 0 on H. The case for a three-form gauge potential proceeds in the same way.
